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ABSTRACT  Two-level polynomial models are used to summarize the
amount Sella-Gnathion (S-Gn) and direction Nasion-Sella-Gnathion (N-S-Gn)
of growth changes for the cephalometric landmark gnathion. Growth descrip-
tions pertain to a mixed longitudinal sample of 209 French-Canadian children
10-15 years of age. The boy’s growth curve attains mean minimum prepubertal
velocity at 10.8 years and maximum pubertal velocity at 14.1 years. The girl’s
curve follows a cubic pattern, attaining maximum pubertal velocity at 12.1
years. Boys are larger than girls throughout the age range. Variation between-
subjects increases with age in a curvilinear fashion. Growth direction of gna-
thion is more horizontally directed for girls than boys. Small but significant
changes in growth direction occur between 10 and 15 years of age.

While much progress has been made in the
analysis of somatic growth (Roche, 1986), the
application of mathematical models to serial
craniofacial data remains rudimentary. Po-
lynomial models have been used to investi-
gate sexual dimorphism in mandibular
growth during childhood (Buschang et al.,
1986a) and to compare the craniofacial
growth of adolescent males with normal and
class II malocclusion (Buschang et al., 1986b).
These studies demonstrate that polynomial
regression models are particularly appropri-
ate for studying craniofacial growth; they
make fewer requirements and are more flex-
ible than nonlinear parametric and nonpar-
ametric models, and they are able to
incorporate other explanatory variables
(Goldstein,1986a).

A new class of multilevel models have been
introduced (Strenio et al., 1983; Goldstein,
1986b) which further refine the analysis of
serial data. These models extend to unad-
justed mixed longitudinal data, making it
possible to efficiently estimate growth pa-
rameters of individuals with missing obser-
vations or unadjusted series of measure-
ments. They provide descriptions of average
growth tendencies and their between-subject
variabilities.
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Two-level polynomial models were recently
used to study the mandibular growth be-
tween 6 and 15 years of French-Canadian
girls (Buschang et al., 1988). Peak childhood
and adolescent velocities were estimated at
7.5 and 12.7 years, respectively. Due to sam-
pling limitations some of the model’s random
coefficients remained fixed, resulting in
biased estimations of the individuals’ growth
spurts.

The present study was undertaken to more
precisely estimate the timing and variability
of mandibular growth changes at gnathion
during adolescence. The point gnathion was
chosen because 1) it is one of the most reli-
able cephalometric landmarks available
(Buschang et al., 1987a), and 2) it is com-
monly used for clinical evaluation of mandib-
ular position (Downs, 1948; Enlow, 1982;
Graber, 1972; Salzmann, 1966). In lieu of sub-
stantially increasing sample sizes to esti-
mate the necessary parameters, multilevel
models were fitted to mandibular growth
data of adolescent children 10 to 15 years of
age.

Received November 10, 1987; accepted May 9, 1988.



348

MATERIALS AND METHODS

The data are derived from serial lateral
cephalograms collected by the Human
Growth Research Center, Université de Mon-
tréal. They pertain to French-Canadian boys
and girls drawn from three school districts in
Montreal chosen to represent the different
socioeconomic sectors of the larger popula-
tion (Demirjian et al., 1971). Data for a mixed
longitudinal sample of 105 girls (n = 579)
and 104 boys (n = 597) followed between 10
and 15 years of age were available for the
analyses. Of the 209 children in the study,
67% had complete serial data, 29% had one
missing observation, and 4% had two miss-
ing observations.

The cephalograms were traced and digi-
tized by the same technician (L.L.). The ana-
lyses pertain to the cephalometric landmark
gnathion defined as the point on the sym-
physis formed by bisecting the projections of
the mandibular plane and a plane perpendic-
ular to the mandibular plane and tangential
to the most anterior point on the mandible.
Technical reliability (Buschang et al., 1987a)
has been estimated at 98.4 and 98.8% for the
horizontal and vertical aspects of gnathion,
respectively. The growth of gnathion was
evaluated relative to the cephalometric point
sella; the sella-nasion (S-N) reference plane
was used for orientation. All measures were
corrected for radiographic enlargement
(0.8892%). To better distinguish the amount
and direction of mandibular growth from S-
N, the digitized, rectangular (X,Y) coordi-
nates were transformed into polar ((v,0)) form.
As such, the distance sella-gnathion (S-Gn),
hereafter referred to as gnathion length, de-
scribes the amount of growth and the angle
nasion-sella-gnathion (N-S-Gn) describes the
direction of growth.

Previous analyses (Buschang et al., 1987b,
1988) indicate that the mean preadolescent
minimum growth velocity for gnathion oc-
curs at approximately 10.1 years for girls
and 11.7 years for boys. To allow for variation
in the timing of this event and for the adoles-
cent spurt, we might expect to fit at least a
cubic polynomial for girls and a quartic po-
Iynomial for boys. On this basis, the follow-
ing polynomial function was fitted to the
individuals’ serial data:

Yyt = Zjﬁijx‘l + &, t = 1., .4

where, Yj; is the observed gnathion length or
growth direction for the ith child on the #"
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measurement occasion, j indexes the poly-
nomial coefficients, X is the age at occasion
t, and it is a random term describing the it
child’s residual at the /" occasion.

The model partitions variation into two
levels, with subjects at the higher level and
measurement occasions at the lower level (see
Appendix A). The B are assumed to vary
randomly over individuals. Iterative gener-
alized least squares (Goldstein, 1986b, 1987)
was used to estimate the model’s parameters.

RESULTS

Table 1 describes the mean growth curves
and variation for S-Gn. The boys’ curve fol-
lows a quartic polynomial in age, which in-
dicates that growth velocity changes
direction three times between 10 and 15 years
of age (Fig. 1). When the distribution of ages
of zero acceleration are estimated (see appen-
dix) we can see that minimum prepubertal
velocity is attained at a mean age of 10.8
years and maximum adolescent velocity at
14.1 years.

The girl’s cubic polynomial shows that
growth accelerates until peak adolescent ve-
locity, at the mean age of 12.1 years, and
then decelerates. Peak adolescent velocity is
approximately 1.6 times greater for boys than
girls. Due to the different maturity patterns,
gnathion length remains approximately 4
mm larger for boys than girls between 10
and 12.5 years (Fig. 2). Size differences in-
crease thereafter, as growth in gnathion
length continues to accelerate for boys and
decelerates for girls. Boys are approximately
8 mm larger than girls at 15 years of age.

We have been able to fit only a single pa-
rameter (¢3) to describe within-subject varia-
tion. Variation between subjects changes
with age in a curvilinear manner (Fig. 3).
The quartic and cubic coefficients remained
fixed for boys and girls, respectively; the
other terms vary randomly across subjects.
As expected, the estimated standard devia-
tions closely follow the observed growth ve-
locities. For boys, correlations between the
estimated parameters range from moder-
ately low (—0.38) to moderately high (—0.81).
Girls show a moderate correlation (—0.53)
between their intercept and quadratic terms
and a moderately low association (0.35) be-
tween their linear and quadratic terms.

Age changes in growth direction are small
and relatively simple (Table 2). For boys, the
angle (N-5-Gn) closes slightly, but signifi-
cantly, between 10 and 12 years of age and
then opens up or rotates positively during
the adolescent spurt (Fig. 4). Growth direc-
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Fig. 1. Velocity curve for sella-gnathion (S-Gn) from
10 to 15 years of age.

Fig. 2. Distance curve for sella-gnathion (S-Gn) from
10 to 15 years of age.

FAge (Years)

Fig. 3. Standard deviations from 10 to 15 years of age
for sella-gnathion (S-Gn).
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tion of gnathion for girls is more vertically
oriented than for boys; the angle increases
regularly (linearly) with age. Variation in
growth direction is pronounced. The be-
tween-subject standard deviations range from
3.0° at 10 years to 3.7° at 15 years (Fig. 5).
Increases in variance are especially marked
for girls, which might be attributed to the
positive correlations found between growth
direction at 13 years (intercept) and velocity,
which are moderately low for girls (0.47) and
not significant for boys. The associations in-
dicate that the direction of mandibular
growth for horizontal and vertical grower
tends to diverge with increasing age.

DISCUSSION

The findings provide detailed descriptions
of adolescent growth changes for the cepha-
lometric landmark gnathion. Morphologi-
cally, changes in the position of gnathion can
be explained, primarily, by mandibular dis-
placement and, secondarily, by remodelling
in the symphyseal region (Bjork, 1969; En-
low, 1982). As such, gnathion length (S-Gn)
serves a summary variable incorporating the
growth, displacement, and remodelling
changes occurring between the points sella
and gnathion. Importantly, sella-gnathion,
otherwise referred to as the Y-axis (Downs,
1948), is well accepted and commonly used
by orthodontists to ascertain the position of
the chin, the direction of mandibular growth,
and retraction or protraction of the mandible
(Graber, 1972; Salzmann, 1966). As such, the
results presented herein provide highly ac-
curate and flexible descriptions that can be
easily applied to evaluate the movement of
gnathion relative to the anterior cranial base,
which is well established as one of the most
stable regions during adolescence due to
itsendochondral dominance and early comple-
tion.

The growth curve for gnathion follows the
general pattern established for somatic mea-
sures (Tanner, 1962). Individual children,
however, display considerable variation in
the timing and amount of growth changes at
gnathion. The multilevel procedure provides
“posterior” estimates of the polynomial coef-
ficients for each individual based on the esti-
mated variance/covariance matrix of the
random coefficients. Such estimates are
available even when only a limited number
of data points have been obtained for an in-
dividual (Goldstein, 1987). Fig. 7 shows veloc-
ity curves for gnathion length derived from
the polynomial coefficient of four boys who
were chosen to demonstrate the normal vari-
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TABLE 1. Pubertal growth of sella-gnathion (cm) for French-Canadians 10~15 years of age

Boys Girls
Explanatory Standard Standard
variables Estimates errors Estimates errors
Fixed coefficients
Intercept 11.183 10.739
Age 0.3151 0.011796 0.21737 0.0060759
Age? 0.040337 0.0052477 -0.015519 0.0025509
Age® —0.0055298 0.0020993 —0.005487 0.00108
Age? —0.0027282 0.00079824
Random
Coefficients
002 0.0050169 0.00051295 0.0067038 0.00056838
08“,0 0.24791 0.034716 0.17415 0.024397
02“,1 0.0099013 0.0016677 0.001174 0.00027215
02“,2 0.00071304 0.00015022 0.00013799 0.000052262
02‘(,3 0.00010528 0.000027841
0,01 0.031829 0.0062369 -0.0011387 0.0018361
0,02 —0.0050939 0.0016982 —0.0026208 0.00084279
9,03 —0.0025762 0.00073368
0,12 —0.0012015 0.0003845 0.00014231 0.000090863
0,13 —0.00083062 0.00019255
0,23 0.00021666 0.000057105
0.0 0.642 -0.080
0,.02 —0.383 —0.534
£,,03 -0.504
P12 —0.452 0.354
Pu,13 -0.813
P23 0791
Iterations 5 6
Measurements 597 579
Subjects 104 105
gglenmeasured 13 years 13 years
Relative accuracy 10-3 10-3

for convergence

TABLE 2. Pubertal changes in nasion-sella-gnathion (degrees) for French-Canadians 10-15 years of age

Boys Girls
Explanatory Standard Standard
variables Estimates errors Estimates errors
Fixed coefficients
Intercept 67.762 68.8876
Age 0.10211 0.03137 0.13429 0.038479
Age? 0.03879 0.0093931
Random coefficients
og> 0.0050169 0.00051295 0.0067038 0.00056838
02,0 10.839 1.5115 10.873 1.5115
02,1 0.073163 0.012968 0.12935 0.021501
0,01 0.19412 0.10077 0.56186 0.13926
0“,01 0.218 0.474
Iterations 4 6
Measurements 597 579
Subjects 104 105
Age measured from 13 years 13 years
Relative accuracy
for convergence 1078 1073




PUBERTAL GROWTH OF GNATHION

ation in pubertal growth. Growth differences
are clearly reflected in their estimated coef-
ficients. For example, the standardized cubic
and quartic terms for subjects 8 (1.7 and 1.8)
and 60 (—3.2 and —2.2) indicate that their
pubertal peaks occur later and earlier than
average, respectively. The standardized coef-
ficients for subjects 58 and 79, whose ages of
peak velocity approximate the mean age re-
ported for the sample, are within 0.9 stan-
dard deviation units from the mean.

The results also show that the direction of
growth for gnathion changes regularly for
girls and is curvilinear for boys. A larger
sample of girls may also reveal more complex
changes in growth direction. The point gna-
thion undergoes a small but significant pos-
terior rotation during adolescence, which
may be partially attributed to remodelling
changes at nasion (Bjork and Skieller, 1976).
It should be emphasized that gnathion pos-
terior rotation when evaluated relative to
stable references structure in the anterior
cranial base and vault (Buschang et al.,
1987b) shows the same pattern.

Pubertal spurts occurred for all of the chil-
dren studied. As previously reported, the
spurt is more intense and occurs approxi-
mately two years later for boys than for girls
(Nanda, 1955; Bambha, 1961; Hunter, 1966;
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Tracy and Savara, 1966; Savara and Tracy,
1967; Lewis et al., 1982). Pubertal spurts oc-
cur somewhat later for French-Canadian
children than for other samples (Table 3).
Differences may be attributed to the various
measurements reported and to the criteria,
often subjective, previously used to identify
growth spurts.

It is also of interest to compare the results
with somatic growth, for which a variety of
mathematical models have been fitted
(Roche, 1986). Our estimates for the age of
prepubertal minimum velocity for boys and
for pubertal maximum velocity for boys and
girls are only slightly later than values re-
ported in the more recent studies for growth
in stature (Tanner et al., 1976; Largo et al.,
1978; Preece and Baines, 1978; Preece and
Heinrich, 1981; Gasser et al., 1984). Esti-
mates of peak adolescent velocity for growth
in sitting height and biacromial diameter
(Tanner et al., 1976) are in very close agree-
ment with our estimates for gnathion length,
suggesting that the timing of mandibular
growth more closely follows the protracted
pattern of the trunk. It has been previously
shown that the maturity status of the man-
dible lags behind the maturity status of stat-
ure during adolescence (Buschang et al.,
1983).

TABLE 3. Timing (years) of maximum pubertal growth

Boys Girls
Mean Mean
References Measure N age S.D. N age S.D.
Mandibular growth
Fukuhara & Matsumoto ('68)* S-Gn 24 12.5 27 115
Thompson et al. ('76) Cn-Gn 111 11.4 1.3
Lewis et al. (82)2 Ar-Gn 29 13.1 14 20 11.6 1.6
Ar-Go 25 13.5 1.7 18 11.8 1.3
Go-Gn 30 13.2 1.4 22 11.3 1.8
Brown et al. (71) N-Gn 27 13.8 1.4 16 12.2 1.3
Ar-Pg 28 13.8 1.1 21 12.0 1.1
Savara & Tracy ('67) Cn-Pg 52 13.6 1.8
Tracy & Savara ('66) Cn-Pg 50 11.6 0.9
Ekstrom (82) Gn 53 136 0.7 50 12.2 1.1
Bambha (°61) Facial 25 14.3 1.2 25 12.1 1.0
Present study S-Gn 104 14.3 0.8 105 12.1 04
Somatic growth
Tanner et al. ("76) Stature 55 13.9 0.8 35 11.9 0.9
Sitting height 55 14.2 0.9 35 12.2 1.0
Preece & Baines ('78) Stature 35 14.2 0.9 23 11.9 0.7
Largo et al. ("78) Stature 112 13.9 0.8 110 12.2 1.0
Preece & Heinrich (’81) Stature 61 13.9 1.0 38 11.7 0.7
Gasser et al. ('84) Stature 45 13.9 1.0 45 12.2 0.8

!Estimated from figures.
2First pubertal spurts.
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Fig. 4. Growth direction of gnathion (N-S-Gn) from 10
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Fig. 5. Standard deviations from 10 to 15 years of age
for nasion-sella-gnathion (N-S-Gn).

By simulating multivariate normal distri-
butions for the random variables (Goldstein,
1986a) based on their parameter estimates,
cumulative probability functions of the var-
ious growth “events” for boys and girls can
also be derived. The 5th and 95th percentiles
for the age of maximum pubertal velocity are
12.9 and 16.5 years for boys and 10.9 and
13.0 years for girls (Fig. 6). The distributions
are positively skewed for boys and leptokur-
totic for both boys and girls. Similarly, the
5th and 95th percentiles for the age of mini-
mum prepubertal velocity for boys are 8.6
and 11.8 years, respectively, with nonzero
skewness and kurtosis. Goldstein (1986a) re-
cently reported nonnormal distributions for
statural growth. It is evident that boys expe-
riencing later adolescent maximum veloci-
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Fig. 6. Cumulative frequency plot for the age of peak
pubertal velocity for sella-gnathion (S-Gn).
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Fig. 7. Velocity curves for four boys showing normal
variation in peak adolescent velocity.

ties were not included in the sample. As such,
the median age of 14.3 years derived from
the simulation probably more closely reflects
the actual age of the pubertal peak.

In conclusion, multilevel procedures model
craniofacial growth effectively and effi-
ciently. Due to the sample sizes used and the
correlated nature of serial growth measures,
the estimated growth rates and variances
might be expected to be more precise than
those that would have been obtained by us-
ing conventional procedures, i.e., cross-sec-
tional descriptions and yearly increments
(Goldstein, 1979). Fitting ordinary polyno-
mials would have required eliminating 33%
of the sample and biasing variance estimates
by adjusting measurement occasion. More-
over, the observed correlations between pa-
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rameter estimates serve as a basis for
estimating various characteristics of individ-
uals’ growth curves when only limited data
points are available. Since clinicians often
use pubertal growth to maximize treatment
effects and minimize time requirements, the
findings hold important practical implica-
tions. They provide the information neces-
sary to generate longitudinal growth
standards from the fixed and random param-
eters, thereby making it possible to more ac-
curately evaluate, and even predict, an
individual’s growth changes at gnathion.

ACKNOWLEDGMENTS

Research was funded by MRC grant MA-
8917 and FRSQ grant 850043.

REFERENCES

Bambha JK (1961) Longitudinal cephalometric roent-
genographic study of the face and cranium in relation
to boy height. J. Am. Dent. Assoc. 63:776-799.

Bjork A (1969) Prediction of mandibular growth rotation.
Am. J. Orthod. 55:585-599.

Bjork A and Skieller V (1976) Postnatal growth and
development of the maxillary complex. In JA Mec-
Namara, Jr (ed.): In Factors Affecting the Growth of
the Midface. Ann Arbor: Center for Human Growth
and Development.

Brown T, Barrett MJ, and Grave KC (1971) Facial growth
and skeletal maturation at adolescence. Tandlaege-
bladet 75:1211-1222.

Buschang PH, Baume RM, and Nass GG (1983) A cranio-
facial growth maturity gradient for males and females
between 4 and 16 years of age. Am. J. Phys. Anthropol.
61:373-381.

Buschang, PH, Tanguay R, Demirjian A, LaPalme L,
and Goldstein H (1986a) Sexual dimorphism in man-
dibular growth of French-Canadian children 6 to 10
years of age. Am. J. Phys. Anthropol. 71:33-37.

Buschang PH, Tanguay R, Turkewicz J, Demirjian A,
and LaPalme L, (1986b) A polynomial approach to cra-
niofacial growth: Description and comparison of ado-
lescent males with normal occlusion and those with
untreated Class II malocclusions. Am. J. Orthod.
90:437-442.

Buschang PH, Tanguay R, and Demirjian A (1987a)
Cephalometric reliability: A full ANOVA model for the
estimation of true and error variance. Angle Orthod.
57:168-175.

Buschang PH, Tanguay R, LaPalme L, and Demirjian A
(1987b) Sexual dimorphism in mandibular growth:
Point gnathion modelled longitudinally. Am. J. Phys.
Anthropol. 72:184.

Buschang PH, Tanguay R, Demirjian A, LaPalme L, and
Goldstein H (1988) Medelling longitudinal mandibular
growth: Percentiles for gnathion from 6 to 15 years of
age in girls. Am. J. Orthod. (in press).

Demirjian A, Brault Dubuc M, and Jenicek M (1971)
Etude comparative de la croissance de I'enfant cana-
dien d’origine francais a Montreal. Can. J. Public
Health 62:111-119.

Downs WB (1948) Variation in facial relationships: Their
significance in treatment and prognosis. Am. J. Or-
thod. 34:812-840.

Ekstom C (1982) Facial growth rate and its relation to

353

somatic maturation in healthy children. Swed. Dent.
J. [Suppl.] 11.

Enlow DH (1982) Handbook of Facial Growth. Philadel-
phia: WB Saunders.

Fukuhara T, and Matsumoto M (1968) A longitudinal
study of facial growth in relation to general body height
during adolescence. Bull. Tokyo Med. Dent. Univ.
15:161-170.

Gasser T, Kohler W, Mueller HG, Kneip A, Largo R,
Molinari L, and Prader A (1984) Velocity and acceler-
ation of height growth using Kernal estimation. Ann.
Hum. Biol. 11:397-411.

Goldstein H (1979) The Design and Analysis of Longitu-
dinal Studies. London: Academic Press.

Goldstein H (1986a) Efficient statistical modelling of lon-
gitudinal data. Ann. Hum. Biol. 13:129-141.

Goldstein H (1986b) Multilevel mixed linear model anal-
ysis using iterative generalized least squares. Biome-
trika 73:43-56.

Goldstein H (1987) Multilevel Madels in Educational and
Secial Research. London: Griffins.

Graber TM (1972) Orthodontics: Principles and Practice.
3rd ed. Philadelphia: WB Saunders.

Hunter CJ (1966) The correlation of facial growth with
body height and skeletal maturation at adolescence.
Angle Orthod. 35:44-54.

Largo RH, Gasser Th, Prader A, Stuetzle W, and Huber
PJ (1978) Analysis of the adolescent growth spurt us-
ing smoothing spline functions. Ann. Hum. Biol. 5:421-
434,

Lewis AB, Roche AF, and Wagner B (1982) Growth of
the mandible during pubescence. Angle Orthod.
52:325-341.

Nanda RS (1955) The rates of growth of several facial
components measured from serial cephalometric roent-
genograms. Am. J. Orthod. 41:658-673.

Preece MA, and Baines MJ (1978) A new family of math-
ematical models deseribing the human growth curve.
Ann. Hum. Biol. 5:1-24.

Preece MA, and Heinrich M (1981) Mathematical mod-
elling of individual growth curves. Br. Med. Bull.
37:247-252.

Roche AF (1986) Progress in the analysis of serial data
during the century since Bowditch and future expec-
tations. Fourth Raymond Pearl memorial lecture, 1986.
Hum. Biol. 58:831-850.

Salzmann JA (1966) Practice of Orthodontics. Philadel-
phia: JB Lippincott.

Savara BS, and Tracy WE (1967) Norms of size and
annual increments for five anatomical measures of the
mandible in boys from three to sixteen years of age.
Arch. Oral Biol. 12:469-486.

Strenio J, Weisberg HI, and Bryk AS (1983) Empirical
Bayes estimation of individual growth curve parame-
ters and their relationship to covariates. Biometrics
39:71-86.

Tanner JM, (1962) Growth at Adolescence. Oxford:
Blackwell.

Tanner JM, Whitehouse RH, Marubini E, and Resele LF
(1976) The adolescent growth spurt of boys and girls of
the Harpenden Growth Study. Ann. Hum. Biol. 3:109-
126.

Thompson GW, Popovich F, and Anderson DL (1976)
Maximum growth changes in mandibular length, stat-
ure, and weight. Hum. Biol. 48:285-293.

Tracy WE, and Savara BS (1966) Norms of size and
annual increments of five anatomical measures of the
mandible in girls from 3 to 16 years of age. Arch. Oral
Biol. 11:587-598.



354

APPENDIX A: STATISTICAL METHODOLOGY
The within-subject model

The growth changes for the cephalometric
landmark gnathion are related to polyno-
mials in age as follows:

Yy = ZjBintj + &, t = 1., .0y {1}

where

n; = number of measurement occasions for
subject i,
x¢ = age at occasion ¢,
j = index of the polynomial coefficients,
j, . .. 4) for sella-gnathion of boys,
i(0,...,3) for sella-gnathion of girls,
j(0,1,2) for nasion-sella-gnathion of boys,
and
j (0,1) for nasion-sella-gnathion of girls.
Y;; = estimate for subject ¢ at occasion .

The model estimates the mean value of Y at
occasion ¢, with ¢; being the random variable
describing the residual-from the value pre-
dictions by the rest of the model-for the
thehild at the ®'measurement occasion. The
expected value of ¢it, E(e;) = 0 with a vari-
ance of var () = 0p?.

The between-subject model

In order to focus on the mean coefficients,
{1} can be extended and rewritten as:

2
Yit = B0 + 81 X¢ + 82Xy + ... + ﬁthJ + Oy

where 8¢, 81,. . - .,B; are the expected values
of Bip.Bi1;- - -,Bij. The & now incorporates in-
dividual coefficients and

b = Bio- Bo) + Bi - BXs + ... + @y + BXd + ey

The ¢;; are independent within an individual
and the terms (B;g - Bg) + Bi1 - BX; + ... +
B + B)X¢ are common to all the é;; within
an individual. When 8, 8i1,. . ., 8j are higher
than the means, they will generate values
higher than the average. Thus in

{2}

the vy;; are not necessarily independent, with
E(y;) = 0 and covariance (y;j,vi) = U = {0, 5}
U, which represents the variance-covariance
matrix of the individual polynomial growth
curve coefficients, can be represented as:

By = B + vy

P.H. BUSCHANG ET AL.

Bo B1 B2 : B
2
Bo 7%,0 2
61 J,,01 LS |
B2 €,,02 9,12 2
Bi g0 Ouij 0,2 : Cd

Combining {1} and {2} the complete model
can be written as:

Yie = 258X + oy
where

Bio = Bo + vio

Ba =B+

By =B+ vy

with E(y;y) = E(¢) = 0 and var(e;y) = 020, COV
(yigrvsyy) =

More detailed procedures for estimating the
within-subject model, together with U and
020, are given by Goldstein (1986b, 1987).

Depending on the number of terms (By)
permitted to vary randomly between sub-
jects, the between-subjects variance at occa-
sion ¢ will be a function of the explanatory
variables (X{ and the general term will be
given by: XTU X, where X is a vector of
explanatory variables and U is defined above.
For the present analyses, for example, the
polynomial coefficients were allowed to vary
randomly up to the quartic term between-
boys and up to the quadratic term between-
girls. As such, the contribution to the be-
tween-subject variance for girls is at age ¢ is
given by:

0'2“,0 + 20'”’10Xt
+ 02,L’1X2t + 20'“’02 X2t
+ 20#,12 Xst
+ 02,5 X% + 620

{3}

The first derivative of the within-subject
model (fixed part) gives the mean velocities
for the growth curves and the first derivative
of {3} provides the between-subjects variance
for the mean velocity curves. By setting the
second derivative of the fixed part of the
model to zero (0), we can estimate the mini-
mum and maximum velocities (zero acceler-
ation). For example, the ages of preadolescent
minimal and adolescent maximum velocities
for boys are obtained by solving for:

Bo + 383X, + 68X =0





